c2 1L =

-
(=2
Oy 1N D L TTTTE
Ol
i} N' “l
' Q ‘
A %, e i
<T ™ H
] i;:
=< 1 N
2’5 . r! o i " " l "PnI llll‘
OH REPORT NO. (188
[
& << 1 JANUARY 1963
' A STUDY OF THE VIBRATIONS OF SHALLOW SPHERICAL SHELLS

i
W. H. Hoppmann |1
Rensselaer Polytechnic Institute

Clifford N. Baronet Coam
Rensselaer Polytechnic Institute. - - -

RDT & E Project No. IM0I0501A006
BALLISTIC RESEARCH LABORATORIES

ABERDEEN PROVING GROUND MARYLAN.D



ASTIA AVAILABILITY NOTICE

Qualified requestors may obtain copies of this report from ASTIA.

The findings in this report are not to be construed
as an official Department of the Army position.



BALLISTIC RESEARCH LABORATORIES

REPORT NO. 1188

JANUARY 1963

A STUDY OF THE VIBRATIONS OF SHALLOW SPHERICAL SHELLS

W. H. Hoppmann II*
Professor of Mechanics
Rensselaer Polytechnic Institute

and

Clifford N. Baronet
Graduate Student
Rensselaer Polytechnic Institute

Professor Hoppmann is & Consultant to these Laboratories on Structural
Response to Dynamic Loading Problems.

RDT & E Project No. 1MO10501A006

ABERDEEN PROVING GROUND, MARYLAND



BALLISTIC RESEARCH LABORATORIES

REPORT NO. 1188

WHHoppmannII/CNBaronet/mec
Aberdeen Proving Ground, Md.
Jenuary 1963

A STUDY OF THE VIBRATIONS OF SHALLOW SPHERICAL SHELLS

ABSTRACT

In this report there is presented a comparison of the theoretically and
experimentally determined frequencies and zero displacement lines for the
normal mode vibrations of shallow spherical shells. Results are glven for
the clamped edge and the momentless edge boundary conditions.

Calculations of frequencies and loci of zero displacement components for
various shell sizes were made on an IBM 650 computer for the rotationally
symmetric vibrations only, as the theory is not avallable for the case of
asymmetric vibrations.

Experiments were performed to determine the vibration characteristics
both for the symmetric and the asymmetric vibrations. Several model shells
constructed of steel were used for the purpose.

Results of the investigation definitely demonstrate the value of the
theory for the determination of the dynamic response of shallow shells.
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INTRODUCTION

In a previous paper 1 , the equations of motion for flexursl vibrations
of orthotropic shells were developed and simplified so as to obtain solutions
for the case of shallow shells. In particular, it was shown in that paper how
the equations reduce to cover the case of isotropic shells for which some
computed frequencies were given for both the shell with clamped edge and with
momentless edge. The equivalent equations for the cleamped isotropic shell

were glven previously in & paper by Eric Reilssner 2.

Because of the importance of the problem snd because some doubt exists
at the present time as to the applicability of the theoretical results, ex~
periments on shell models were considered to be needed. In addition a com-
3

putational progrem was also needed to check the previous calculations “ and

to extend them to cover a larger number of shell parameters.

The present report presents experimentally determined frequencies and
zero displacement loci for both symmetric and asymmetric vibrations. It also
provides theoretically determined freguencies and zero dlisplacement loci
computed with an IBM 650 computer for the symmetric vibrations.

THEORY

The thin shell theory for small amplitude vibretions which is under
consideration in this report has been amply discussed in texts by A. E. H. Love,
S. Timoshenko, and others. It is basically a stress resultant theory in which
the resultant of the stress distribution through the thickness of the shell
at any point may be represented as a force and & moment per unit length of the
line formed by the intersection of the middle surface and & plane normal to
that surface. In such a case the defining differential equations of motibn '
are linear. Despite this fact however they are in general quite difficult to
solve and consequently very few solutions to the dynamical equations for shells
have b‘een published. It turns out that in the important case of shallow shells,

the equations can be solved and the frequencies, as well as lines of zero

Superscript numbers refer to references at end of report.



displacement, can be found. The frequency and displacement, equations have been

given in a previous paperl. A summary of equations ure provided in the Appendix
to the present paper.

In the previous paper, frequencles computed with the aid of electric desk
calculators and Tables of Functions = were tabulated. There the assumed shells
had chord length of 12, thickness of l/h, and sagittas of 0.5, 1.0, and 1.6.

In the present study frequencies and zero displacement lines of the normal
modes were obtained with the IBM 650 computer and Tables of Functions %,5,6 for
shells of chord length 12, thicknesses of 1/16, 1/8, l/h and saglttas of 0.5
and 1.6. The calculations were carried out for clamped and momentless edge
conditions. All of these calculated results are given in the Appendix in Tables

II-IVO
VIBRATION EXPERIMENTS WITH THIN SHALLOW SPHERICAL SHELLS

For the purpose of making experiments two model shells were designed and
constructed. An arrangement of the shell with the device used to provide a
clamped edge boundary is shown in Fig. 1. The momentless edge boundary condi-
tion was obtalned by using the clamping ring the same as for the clamped case
but machining a deep peripheral groove 0.84 times the thickness of the shell
and very close to the clamping ring, in the same manner described elsewhere for

use with vibrating plates 7.

The shells were of steel and they were vibrated by means of an clectro-
magnetic oscillator shown schematically in Fig. 1. The resonant tuned magnetic
circuit and power pack to obtain sufficient driving power had been previously
developed 8. The lines of zero displacement were found with the use of a crys-
tal pickup whose output was fed to two of the plates of a cathode ray oscil-
loscope. The driving frequeucy from an audio-oscillator were fed into the
other two plates of the C.R.0. The technique is quite se.fiefactory. Its use
with a capacitive type pickup instead of the crystal is fully described in
another paper . '

THEORETICAL AND EXPERIMENTAL RESULTS

The experimentally determined frequencies for the case of symmetric vibra--
tions, both for the clamped edge and momentless edge boundary conditions, to-
gether with the corresponding theoretical results are given in Table I. In that

8
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CLAMPED EDGE

TABLE I

SYMMETRICAL MODES OF FLEXURAL VIBRATIONS
OF SHALLOW ISOTROPIC SPHERICAL SHELLS

MOMENTLESS EDGE

FREQUENCIES X(10-3 rad./sec.)

h S=0 $ =0.5 S =1.0 S = 1.6
(in.) | n | Theor. | Theor. Exper. | Theor. | Theor. er. |
0.0625] 1 1.1 6.6 11.8

2 4.3 8.8 14,2 20.0
3 9.6 11.5 17.8 24,0
41 1v7.0 18.0 21.3
0.125]1 2.2 7.9 8.5 13.2 19.1. 15.4
2 3.6 11.0 10.0 17.6 24.6 22.3
3 19.1 20.0 17.1 23.0 29.9 29.2
41 33.6 34.4 29.3 36.0 39.0 h2.2
0.2501}1 4.4 G.1 7.2 15.7 22.4 18.5
21 17.1 18.4 15.7 22.0 29.4 22.3
3 38.2 "30.6 33.2 40.0 42.8 34.2
k| 65.0 68.1 56.5 69.0 70.4 55.0
0.0625( 1 0.5 6.4 11.5
2 3.2 8.8 13.6 19.4
3 1.9 10.3 17.7 22.4
4 14,9 15.9 19.8
0.1251 1 1.1 TeT 6.2 12.6 18.7 15.2
‘ 2 O. b 9.8 10.1 17.6 23.4 19.6
31 15.9 17.0 16.5 20.5 29.7 29.2
4| 29.7 26.7 | 28.0 31.8 | 35.4 40.6
0.250] 1 2.1 8.8 7.2 15.5 21.0 17.3
2] 12.8 14.3 14,5 19.6 29.2 21.0
31| 31.8- 32.4 30.2 34,0 37.4 33.7
41 59.2 59.6 | 51.6 60.6 01.6 52.5

10




Table h is the thickness, S 1s the sagitta length, and n is the mode number.

The experimentally determined loci of zero radisl displacements for two
thicknesses of shell are given in Tables II and III along with corresponding
theoretical results. Definitlons of symbols are in Fig. 2.

The experimentelly determined frequencies and loci of zero displacement
components for asymmetric vibrations are given in Table IV. Because the loci
for these vibrations are not simply circles, sketches of the loci for the
several modes which were investigated are shown.

DISCUSSION AND CONCLUSIONS

It is concluded that the results of the investigation demonstrate that
the theory describes very well the nature of the vibrations of shallow spher-
ical shells. It is also considered that the same theoretical results can be
used for describing the vibrations of any very shallow shells of revolution
which have positive curvature everywhere and which, further, have the same
base diameter and sagitta. In these cases the shell is then really assumed
to be equivalent to the osculating sphere at the apex. The modal shapes for
the shallow shells are similar to those for flat circular plates but the fre-
quencies are much higher, indicating greater stiffness.

It is interesting to note that for the fundamental vibration of the
symmetric type there are two nodal circles, one at the boundary and another
closer to the center. As the sagitta or rise of the shell approaches zero
the latter circular node approaches closer to the boundary and in the limit,
vwhich is a flat plate, it becomes coincidental with the boundary. It is rather
surprising that the frequencies for the clamped edge condition and the moment-
less cdge condition are so nearly equal in the various modes. Further sfudy
should be made of this point in order to assess the influence of membrane
strezses as opposed to that of flexural stresses. It would be pertinent in
such & study to compare the potential emergy corresponding to stretch and the
potential energy corresponding to flexure as was done by Arnold and Warburton
for c¢ylindrical shells in order to assay the ;nomaly of complexity of nodal

pattern as releated to frequency of vibration -,

11



TABLE II

LOCI OF RADIAL ZERO DISPLACEMENT (SYMMETRIC CASE)

CLAMPED EDGE (h = 0.125 in.)

S n N theors N exper.
1 =1 1 =2 i =3 i =4
0075
1 lo.74
0.30 0.97
0.5 2 0.32 \
3 .21 0.57
0.26 0.58 o
L 0.14 0.%3 w
0.18 0. 44 0.68
1 _0.47
Oo 49
_ 0.19 0.199
1.0 2 0.22 0.\09\\\
- 0.15 Ot m
3 %\ 0,42 \
. ~___ 0.1l 0.33 0.50 0.75]
©joaaT~_|o.4T~__J0.6
MOMENTLESS EDGE (h = 0.125 in.)
S n .. theor.~ N, exper.
(in.) "n R—Y
1 =1 1 =2 i=3 1 =4
1 —_0.70
0,63 .
0.5 2 |o.27 &2 9 \
. 0.23[<_0.5
2 0.28 0.5 T |
. 0019 0.4 .
“ 0.20 lo.4 0.7 \
N 0.50
0.52 ‘
0.17 0.72
1.6 2 |0.23 0.70 \
3 Oolq' 0.45 07
0. 0.40 —
X 5.1 : 0.59~<0-79
0.1 0.49 0.70




TABLE III

LOCI OF RADIAL ZERO DISPLACEMENT (SYMMETRIC CASE)

CLAMPED EDGE (h = 0.250 in.)
S n n theors n exper,

(in.) Y Wi
1
0.5 2
3
4
1
ll6 2
3
L

MOMENTLESS EDGE (h = 0.250 in.)

S n i theors | exper.

(in.) “n “n
1
0.5 2
3
11»_
1
1.0 2
4

13



h = thickness, S = sagltta
N = fl Locatlon of radial
rq zero displacement circle
i=1,23...
W = radial displacement
Vp = tangential displacemeht

Fig. 2
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APPENDIX

COMPUTATIONS FOR DETERMINATION OF FREQUENCIES
AND NODAL CIRCLES OF SYMMETRIC VIBRATIONS

To carry out computations the followlng dimensionless parame-

ters were lntroduced

in = PpTo p/E
e = 2Y3 ry/h
(1)
5 = 473 s/
n = r/ro

Applying these definitions the resulting elgenvalue problem
is defined by the followlng equations:

{x2 - (1-v2)e,2} {x‘* - (1-v3)g2e2 4 252(14-\')} - (1+v)2 6% %%~ 0 (2)

CASE A. Clamped Edge.
dw

o = 'a'-hrl = vy, =0 at T=1 | (3)
Jo(xl) Jo(xa) Jo(xa)
! X2 X3~
Dy = | Nlm) () Iy (x3) =0 (4)
VJl("l') I (x5) Iy (x5)
2(1-v3) e E(-vF)xs  E-vE) g




CASE B. Momentless Edge.

W, = v, = My = 0 at n=1 (5)
Jo(xl) , ‘Jo(xa) ) , Jo(xs)
x : X2 X3

Jl(xl)(l-v)-leO(xl) ’ Jl(xﬁ)(l'v)'ano(xa) ’ Jl(xB)(l-v)-x3J°(x3)

I, (xy) I, (x5) J; (x3)
Eé(l—vz)-xzl &z(l-vz)-xg T (a-vE)-x5
(6)

The eigen functions are given by

Ja(Nxy)
W = - {Bl ._‘l;;-l-"—l— %= 2 3o(%,) + Jo(nx )} (7)
N 3, (%) 3, (%) 7, (Nx3)
Vp = (l+v){?1 II:;QTQE:;f + B, z;:;zszé——g By zz:;g;gg——z }
(8)
where

CASE A. Clamped Edge.

2.2 (1888 -2 3 (n)
= ‘% 3 - TY (9)
B1 X5 = X3 (1-v5)e° - xy Jl(x2) .
- 2 -
_1 . {1 + xl (1- V2 xa}_ Jl(xl) (10)
x3 (1‘ )§ - Jl(x3)

20




CASE B. Momentless Edge.
(1-v®)e? - xf C 9y (%) %) T(x5)
By (1-v2)¢° - xg hiy)  xlolxy) ay
B, (1-v°)g® xl . J1(x3) %75(x3) .
(1-v°)g< - xg I(x)  x335(x5)

X 90(x%5)

e { \ X9ol%3) }
By xa70(%p)

x3J'o(x1)

All computations were carried out on an IBM 650 computer using floating
point arithmetic. The necessary exponential subroutine was included in the
floating point subroutine. The Bessel function subroutine used checked to
within six significant figures through x = 13 with the tables listed in the

references.

The values of parameters used were determined to allow direct comparison
with experimental results using shells of thickness 0.25 and 0.125 inches with
sagittos of 0.5, 1.0 and 1.6 inches. Table I in the Appendix shows the cor-

responding velues of € and 6. In addition, for comparison with experiment

pr

= 8.819 x 10710 gec?.

ry = 6 inches and 3
The computational procedure used was as follows:
1. Choose € and .
2. Choose ;2.
3, Compute the six roots of Eq. (2) calling those with positive
sign X35 X5 and x5. For the purposes of this work x) was
alweys real and x.5 was always pure lmaginary.
4., Using the chosen g and x 10 %o and Xy compute the values of

D and DM

Se Choose another value of g and repeat steps 3 and 4.

2l



TABLE I

0.0625| 332.55
0.125 106.27
0.250 83.13

h =0,0625 | h = 0.125 h = 0.25
S 3] 6 6
0.5 55.42 27.71 13.85
1.0 110.85 55. 42 27.71
1.6 | 177.36 88.66 4y, 34

22




The zerou of the resulting graphs of Dc and l)M ve. § yleld the eigenvalues
gn. The values of gn are given in Tables II through IV. The results obtained
are accurate to within two in the third digit.

In the eigen function computation the functions

w v

t .. 2 1t = . D '
TR Rt TEVE (12)
vwere computed for the clamped case and
Yo Vn
wl= - B, Vo= " v )5, (13)

were computed for the momentless case. Zeros of the elgen functions are given
in Appendix, Tables II-IV. '

23
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